Non-stationary null dust in a spherically symmetric spacetime is studied in the context of a general-covariant Hořava-Lifshitz theory. The non-minimal coupling to matter is considered in the infrared limit. The aim of this paper is to study whether the collapse of a null dust-like fluid can be a solution of Hořava-Lifshitz theory in the infrared limit. We have shown that the unique possible solution is static. This solution represents a Minkowski spacetime since the energy density is null.
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I. INTRODUCTION
Finding a consistent theory of quantum gravity is still one of the fundamental problems in contemporary theoretical physics. This problem is further complicated by the fact that we have not yet observed any quantum effects of gravitation.
As it has been shown that General Relativity (GR) is not perturbatively renormalizable, one has to find new strategies [1] [2] . This is the motivation for the recent quantum theory of gravity with anisotropic scaling proposed by Petr Hořava [3] , the so-called Hořava-Lifshitz (HL) theory.
Because of its power-counting renormalizability, HL theory is considered to be one of the promising approaches to quantum gravity. Recently, the renormalization of the projectable HL theory without the extra U(1) symmetry was proved by Barvinsky at al. [4] . The existence of anisotropic scaling implies that there is a preferred time-coordinate [5] . This helps in slicing the four dimensional manifold into foliations. Thus, it is natural to use the ADM decomposition of the metric [6] .
There is an extensive literature on HL gravity, where some problems of internal consistency and compatibility with observations are discussed. References [5] , [7] , [8] and [9] review and discuss these issues. Problems including strong coupling, breaking of unitarity and other inconsistencies are addressed in references [10] [11] [12] . It is important to emphasize that, although the motivation for the construction of this theory has been the possibility of quantization of gravitation, this has not been done * Electronic address: otaviosama@gmail.com † Electronic address: mfasnic@gmail.com ‡ Electronic address: chan@on.br § Electronic address: vhsatheeshkumar@gmail.com ¶ Electronic address: jfvroch@pq.cnpq.br yet in four dimensions [13] .
The gravitational collapse is a well explored phenomenon in GR, for this reason it is interesting to study this in the context of HL theory. Also, it becomes a compatibility test as HL theory should converge to GR in the IR. Recent literature on gravitational collapse in HL theory has shown that very little effort has been made to understand the theory even classically [14] . Some of the previous works published by three of the authors have attempted to fill the gap [15] [16] [17] . The present paper is a continuation of our previous papers to understand the HL theory in the IR.
Our aim in the present work is to revisit the null dust solution in the projectable case of HL theory, but without using the Vaidya's metric. We have chosen a null dust fluid because it is the simplest null fluid that we can have. Besides, we would like to compare the results with our previous work [17] with non-null dust fluid. Our original proposal was to use the most general metric without any hypothesis to simplify the equations, but we found that these equations cannot be solved analytically. So, by placing some conditions on the metric, we have succeed in finding a particular solution. One of these conditions is that the variables of the metric are separable. This consideration is strong and it excludes Vaidya's metric as a solution in GR. However, as it was shown by some of us [15] [16], Vaidya's metric is not a solution of HL in the IR. That is, the same fluid or metric, does not necessarily correspond to the same solution in both theories, HL and GR. Therefore, the hypothesis that there exits some solution for a null fluid with variable separation in HL in the IR limit is plausible.
The paper is organized as follows. In Section II, we present a brief introduction to HL theory with coupling with matter [19] [20] . In Section III, we study the null dust solution in the infrared limit. In Section IV, we discuss the results.
II. GENERAL COVARIANT HOŘAVA-LIFSHITZ GRAVITY WITH COUPLING WITH THE MATTER
We present a summary of the HL gravity with the nonminimal coupling to matter. For more details, we refer the readers to [18] [19] [20] [21] [22] .
A line element in the Arnowitt-Deser-Misner (ADM) form is given by [6] ,
where the non-projectability condition implies that the lapse is a function of spacetime, N ≡ N (t, x i ). However in this work, since we use the non-minimal coupling, we must have N = 1, i.e., we will work with a projectable metric.
In reference [19] [20], Lin et al. proposed that, in the IR, it is possible to have matter fields universally coupled to the ADM components through the transformations
with
where
and where A and ϕ are the gauge field and the Newtonian prepotential, respectively, and a 1 and a 2 are two arbitrary coupling constants. Note that by setting the first terms in F and Ω to unity, we have used the freedom to rescale the units of time and space. We also havẽ
In terms of these newly defined quantities, the matter action can be written as
where ψ n collectively stands for all matter fields. One can then define the matter stress-energy in the ADM decomposition, with the non-minimal coupling. The different components are given by (for the details see [18] [19] [20] )
where h (4) µν is the projection operator, defined as h (4) µν ≡ g (4) µν +n µ n ν and n µ is the normal vector to the hypersurface t = constant, defined as n µ = 1 N (−1, N i ). The total action of the theory can be written as
where g = det(g ij ), N is given in the equation (1). The Ricci and Riemann tensors R ij and R i jkl all refer to the 3-metric g ij , with R ij = R k ikj and
where N i is defined in the ADM form of the metric [6] , given by equation (1) . The variations of the action S given by equation (8) with respect to N and N i give rise to the Hamiltonian and momentum constraints,
and F V , F ϕ and F λ are given in the Appendix A of the reference [17] .
Variations of action S given by equation (8) with respect to ϕ and A yield, respectively,
where,
and
The variation of the action S given by equation (8) with respect to g ij give us the dynamical equations,
and F ij , F ij S , F ij a and F ij ϕ are given in the Appendix A of the reference [17] .
From reference [19] [20], we have that
Thus,
Similarly, it can be shown that
Note that, if we use the projectable case of HL then L S = 0, M i S = 0, H S = 0, Σ S = 0 and a S = 0. In order to have these quantities in HL, it is only necessary the non-projectability condition [19] [20] .
III. COLLAPSE OF A NULL FLUID
For a general spherically spacetime filled with dust in GR [23] , the metric can be written as
Note also that this metric is a projectable one, thus we will use the projectable case of HL, now on. The energy-momentum tensor for a null fluid is given by
where the null vector l µ is given by
The projection tensor h µν is defined as
where n µ = δ t µ thus, we have
Let us now analyze the case where it exists a nonminimal coupling with matter [18] [19] [20] . In this case we have the following conditions,
Besides, from equations (21)- (23) we have
where we have substituted B = −ρ. In order to be consistent with observations in the infrared limit [19] [20], we assume that
Thus, we have the vanishing of the cosmological constant, as follows
Let us impose that the metric variables are separable. As commented in the introduction of this paper, these conditions are imposed in order to be able to solve the equations analytically using the Maple software. Hereinafter, the prime and dot symbols denote the partial differentiation with respect to the coordinate r and t, respectively. Thus, we can write Φ(r, t) = log (F (t)G(r)) ,
and R(r, t) = S(t)H(r).
Combining equations (40)- (44) and (9)- (19) we have
Using the equation (47) and the equations (7)- (23) 
